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We study the stability of relativistic stars in scalar-tensor theories with a nonminimal coupling
of the form F (φ)R, where F depends on a scalar field φ and R is the Ricci scalar. On a spherically
symmetric and static background, we incorporate a perfect fluid minimally coupled to gravity as a
form of the Schutz-Sorkin action. The odd-parity perturbation for the multipoles l ≥ 2 is ghost-free
under the condition F (φ) > 0, with the speed of gravity equivalent to that of light. For even-parity
perturbations with l ≥ 2, there are three propagating degrees of freedom arising from the perfect-
fluid, scalar-field, and gravity sectors. For l = 0, 1, the dynamical degrees of freedom reduce to two
modes. We derive no-ghost conditions and the propagation speeds of these perturbations and apply
them to concrete theories of hairy relativistic stars with F (φ) > 0. As long as the perfect fluid
satisfies a weak energy condition with a positive propagation speed squared c2m, there are neither
ghost nor Laplacian instabilities for theories of spontaneous scalarization and Brans-Dicke (BD)
theories with a BD parameter ωBD > −3/2 (including f(R) gravity). In these theories, provided
0 < c2m ≤ 1, we show that all the propagation speeds of even-parity perturbations are sub-luminal
inside the star, while the speeds of gravity outside the star are equivalent to that of light.
I. INTRODUCTION
The dawn of gravitational-wave (GW) astronomies [1] shed new light on the physics around compact objects such as
black holes and neutron stars (NSs). For example, the GW170817 event [2] arising from binary NSs placed constraints
on the mass-radius relation of NSs by their tidal deformations. The accumulation of GW events in the future will
allow us to probe the accuracy of General Relativity (GR) in the strong gravitational regime [3, 4]. In particular,
whether or not some extra degrees of freedom are present around compact objects are a great concern, along with the
problem of dark energy and dark matter.
The simplest candidate for such an extra degree of freedom is a scalar field φ. Theories in which the scalar field is
coupled to the gravitational sector are called scalar-tensor theories [5]. The nonminimal coupling F (φ)R, where F is
a function of φ and R is the Ricci scalar, is a typical example of the direct interaction between the scalar field and
gravity. In the presence of baryonic fluids, the matter sector indirectly feels an interaction with the scalar field through
the coupling to gravity. This matter coupling manifests itself after performing a so-called conformal transformation
to the Einstein frame in which the Ricci scalar does not have a direct coupling to φ [6]. In scalar-tensor theories, such
matter couplings can modify the internal structure of relativistic stars.
In scalar-tensor theories with the nonminimal coupling F (φ)R, it is known that there are some NS solutions with
scalar hairs on a spherically symmetric and static background. For the theories in which the coupling F (φ) contains
an even power-law function φn, there exists a field profile of nonvanishing φ, while satisfying F,φ(0) = 0 as in GR
(where F,φ = dF/dφ) [7, 8]. If the second derivative F,φφ is positive at φ = 0, then the GR branch (φ = 0 everywhere)
can be unstable due to a negative mass squared proportional to −F,φφ(0). This allows a possibility for triggering
tachyonic growth of the scalar field toward a scalarized branch with nonvanishing φ, whose phenomenon is dubbed
spontaneous scalarization.
A typical example of the nonminimal coupling triggering spontaneous scalarization is of the form F (φ) =
e−βφ
2/(2M2pl) [7, 8], where β is a constant and Mpl is the reduced Planck mass. Provided that β < 0, the two
conditions F,φ(0) = 0 and F,φφ(0) > 0 are satisfied. More precisely, spontaneous scalarization can occur for the
coupling β < −4.35 [9–12], whose upper bound is insensitive to the change of equations of state inside the Ns. The
properties of hairy solutions and its observational consequences were investigated in several contexts, e.g., GW aster-
oseismology [13, 14], rotating NSs [15–18], and the influence on particle geodesics around NSs [19, 20]. Recent studies
showed that black holes can also exhibit spontaneous scalarization, in the presence of couplings to a Gauss-Bonnet
term [21–27] and to an electromagnetic field [28–32].
There are also other nonminimally coupled theories admitting hairy NS solutions, e.g., Brans-Dicke (BD) theories
[33] with a scalar potential. The nonminimal coupling in BD theories can be expressed in the form F (φ) = e−2Qφ/Mpl ,
where Q is a constant related to the so-called BD parameter ωBD as 2Q
2 = 1/(3+2ωBD) [34]. Since this coupling does
not satisfy conditions for the occurrence of spontaneous scalarization, there exist only hairy solutions with nonvanishing
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2scalar-field profiles [35–40]. For example, f(R) gravity belongs to a class of BD theories with ωBD = 0 [41, 42], in the
presence of a scalar potential arising from the deviation from GR. For the Starobinsky model f(R) = R+R2/(6m2)
[43], the existence of a positive constant mass m gives rise to an exponential growing mode of φ outside the star
[44, 45]. This is not the case for the models f(R) = R+ aRp with 1 < p < 2 [45, 46], in which the effective mass of φ
can approach 0 toward spatial infinity. In the latter case, there are hairy NS solutions with the mass-radius relation
modified from that in GR.
The hairy NS solutions in theories of spontaneous scalarization and BD theories have an additional pressure induced
by a matter coupling with the scalar field. Under the occurrence of spontaneous scalarization, for example, the
additional pressure works to be repulsive against gravity, in which case the radius and mass of star tend to be
increased relative to those in GR (see Refs. [47–53] for related papers). Naively, one might expect that such hairy
solutions can be unstable against perturbations. To study the stability of relativistic stars with scalar hairs, it is
necessary to properly incorporate perturbations of the matter sector besides those of gravity and the scalar field. In
this paper, we will address this issue by dealing with baryonic matter as a perfect fluid.
For a k-essence scalar field with the Lagrangian P (X) [54], where P is a function of the field kinetic energy
X = −∂µφ∂µφ/2, it is known that the corresponding energy-momentum tensor reduces to that of a perfect fluid
for a time-like scalar field, i.e., X > 0 [55, 56]. This is the case for a time-dependent cosmological background, so
that the k-essence Lagrangian was extensively used to describe the perfect-fluid dynamics especially in the context of
late-time cosmic acceleration [57–60]. On the spherically symmetric and static background, however, the scalar field
is space-like (X < 0) and hence the perfect fluid cannot be described by the k-essence Lagrangian. Instead, we will
employ the matter action advocated by Schutz and Sorkin [61], which allows one to describe the perfect fluid in any
curved background (see also Refs. [62, 63]) .
To accommodate both theories of spontaneous scalarization and BD theories presented in Sec. II, we will consider
scalar-tensor theories given by the Lagrangian L = G4(φ)R+G2(φ,X) in the presence of a perfect fluid. This belongs
to a subclass of Horndeski theories with second-order field equations of motion [64–67]. We carry out all the analysis
in the Jordan frame, in which the matter sector is minimally coupled to gravity. After deriving covariant equations
of motion and applying them to the spherically symmetric and static background in Sec. III, we proceed to the
discussion about the separation of perturbations into odd- and even-parity modes in Sec. IV. In Horndeski theories
without matter, the stabilities of hairy black hole solutions against odd- and even-parity perturbations were studied
in Refs. [68–74].
In Sec. V, we expand the full action up to second order in odd-parity perturbations with the multipoles l ≥ 2 and
show that the ghost is absent for G4 > 0 with the propagation speed of gravity equivalent to that of light. In Sec. VI,
we derive conditions for the absence of ghosts and Laplacian instabilities in the even-parity sector. The propagating
degrees of freedom are different depending on the multipoles l, so we separately discuss the three cases l ≥ 2, l = 1,
and l = 0. The analysis of odd- and even-parity perturbations was also performed in Ref. [75] for the nonminimal
coupling of Refs. [7, 8] by using an energy-momentum tensor of the perfect fluid. Since this approach is based on the
equations of motion rather than the action principle, it is not straightforward to identify the dynamical degrees of
freedom and their stability conditions. In this paper, we address this problem by dealing with the perfect fluid as the
Schutz-Sorkin action and integrate out all the nondynamical perturbations from the action. Indeed, the dynamical
degree of freedom in the matter sector is of a nontrivial form, which affects the propagation of scalar GWs.
In Sec. VII, we apply our general stability conditions to hairy relativistic stars present in theories of spontaneous
scalarization and BD theories. We show that these hairy solutions are stable under the conditions G4 > 0, ρ+P > 0,
and c2m > 0, where ρ, P , and c
2
m are the density, pressure and sound speed squared of matter respectively. In
particular, as long as 0 < c2m ≤ 1, all the speeds of propagation associated with even-parity perturbations in the
gravity sector are subluminal inside the star, while they are equivalent to the speed of light outside the star. This
fact is consistent with the speed of gravity constrained from the GW170817 event [2].
Throughout the paper, we adopt the natural units for which the speed of light c, the reduced Planck constant ~,
and the Boltzmann constant kB are set to unity.
II. THEORIES OF SCALARIZED RELATIVISTIC STARS
In this section, we briefly review several theories of relativistic stars with scalar hairs. We consider a scalar field φ
with a nonminimal coupling of the form F (φ)R. The scalar field can have a kinetic term of the form ω(φ)X, where
ω is a function of φ and X = −(1/2)gµν∂µφ∂νφ is the kinetic energy (with metric tensor gµν). We also allow for the
existence of a field potential V (φ). Then, the action of such scalar-tensor theories is given by
S =
∫
d4x
√−g
[
M2pl
2
F (φ)R+ ω(φ)X − V (φ)
]
+ Sm(gµν ,Ψm) , (2.1)
3where g is a determinant of metric tensor gµν , and Mpl is the reduced Planck mass. The action Sm corresponds to
that of the matter field Ψm. We assume that the matter field is minimally coupled to gravity in the Jordan frame
given by the metric gµν . In Sec. III, we specify the action Sm to be of the form of a perfect fluid.
Performing a so-called conformal transformation (gµν)E = F (φ)gµν of the metric, we obtain the following Einstein-
frame action [6],
S =
∫
d4x
√−gE
[
M2pl
2
RE − 1
2
(gµν)E∂µϕ∂νϕ− VE(ϕ)
]
+ Sm
(
F−1(φ)(gµν)E ,Ψm
)
, (2.2)
where the subscript “E” represents quantities in the Einstein frame, and
dϕ
dφ
=
√
3
2
(
MplF,φ
F
)2
+
ω
F
, VE(ϕ) =
V
F 2
. (2.3)
In the Einstein frame the field ϕ does not have a direct coupling with the Ricci scalar RE , but the matter sector has
an interaction with the scalar field through the metric (gµν)E = F (φ)gµν .
In what follows, we will present two classes of theories which belong to the action (2.1).
A. Theories of spontaneous scalarization
When the nonminimal coupling F (φ) is present, spontaneous scalarization can occur inside relativistic stars for
a massless scalar field φ. The canonical scalar field ϕ in the Einstein frame can be chosen to be equivalent to φ.
Since dϕ/dφ = 1 in this case, it follows that ω = [1 − 3M2plF 2,φ/(2F 2)]F . In the absence of the potential V (φ), the
Jordan-frame action (2.1) is expressed in the form,
S =
∫
d4x
√−g
[
M2pl
2
F (φ)R+
(
1− 3M
2
plF
2
,φ
2F 2
)
F (φ)X
]
+ Sm(gµν ,Ψm) . (2.4)
For the theories (2.4) with F,φ(0) = 0, there is a GR branch of spherically symmetric and static NS solutions
characterized by φ = 0 everywhere. About the NS solution in GR, the effective mass squared for small perturbations
is given by m2eff = −(M2pl/2)[F,φφ(0)/ω(0)]R. As long as the conditions F,φφ(0) > 0 and ω(0) > 0 are satisfied with
a positive R, there is a tachyonic instability of the GR branch. Then, the spontaneous growth of φ can occur toward
the other nontrivial branch with φ 6= 0. The conditions for the occurrence of spontaneous scalarization correspond to
F,φ(0) = 0, F,φφ(0) > 0, and ω(0) > 0, so it is necessary to have an even power-law dependence of φ for the coupling
F (φ).
The nonminimal coupling chosen by Damour and Esposito-Farese [7, 8] is given by
F (φ) = e−βφ
2/(2M2pl) , (2.5)
where β is a constant. In this case, the function ω(φ) in front of the kinetic term X in Eq. (2.4) reads
ω(φ) =
(
1− 3β
2φ2
2M2pl
)
e−βφ
2/(2M2pl) . (2.6)
Then, the conditions F,φ(0) = 0, F,φφ(0) > 0, and ω(0) > 0 are satisfied for β < 0. Hence, for negative β, the NS can
have a nontrivial branch with a modified internal structure by the presence of nonminimal coupling with the scalar
field.
A common procedure for the analysis of spontaneous scalarization is to study the solutions in the Einstein frame
first and then transform back to the Jordan frame to compute physical quantities such as the mass and radius of
relativistic stars [7–12, 76, 77]. However, all the analysis can be performed in the Jordan-frame action (2.4) without
any reference to the Einstein frame. In the Jordan frame the matter sector is minimally coupled to gravity, so it is
also straightforward to incorporate it as a perfect fluid described by a Schutz-Sokin action (see Sec. III).
4B. Brans-Dicke theories
The action in BD theories [33] with a scalar potential V (φ) can be expressed in the form [34],
S =
∫
d4x
√−g
[
M2pl
2
F (φ)R+
(
1− 6Q2)F (φ)X − V (φ)]+ Sm(gµν ,Ψm) , (2.7)
where the nonminimal coupling is given by
F (φ) = e−2Qφ/Mpl . (2.8)
The constant Q characterizes the coupling strength between the scalar field φ and gravity, which is related to the BD
parameter ωBD as
2Q2 =
1
3 + 2ωBD
. (2.9)
The action (2.7) belongs to a sub-class of scalar-tensor theories (2.1). The minimally coupled scalar field in GR
corresponds to the limit Q → 0, i.e., ωBD → ∞. In the absence of matter the ghost is absent for ωBD > −3/2 [5],
which is consistent with the positivity on the left-hand-side of Eq. (2.9).
The metric f(R) gravity is accommodated by the action (2.7) with the correspondence [6],
Q = − 1√
6
, V (φ) =
M2pl
2
(FR− f) , F = ∂f
∂R
= e−2Qφ/Mpl . (2.10)
In this case, the action (2.7) reduces to S = ∫ d4x√−g (M2pl/2)f(R) +Sm(gµν ,Ψm), with the BD parameter ωBD = 0
[41, 42]. Provided that f(R) contains nonlinear functions of R, the gravitational sector propagates one scalar degree
of freedom φ. This scalar field, which is related to R through the last relation of Eq. (2.10), has a potential V (φ) of
the gravitational origin.
If the potential has a constant mass m like the Starobinsky model f(R) = R+R2/(6m2), it is difficult to realize a
stable field profile satisfying the boundary condition φ→ 0 at spatial infinity due to the existence of an exponentially
growing mode outside the star [44, 45]. If the effective mass of φ approaches 0 toward spatial infinity, there exist regular
NS solutions without the exponential growth of φ. An explicit example of the latter is the model f(R) = R + aRp,
where a and p are constants in the ranges a > 0 and 1 < p < 2 [45, 46]. In this case, the scalar potential is
approximately given by V (φ) ∝ φp/(p−1). This includes the self-coupling potential V (φ) ∝ φ4 (for p = 4/3).
III. SCALAR-TENSOR THEORIES WITH MATTER
In this paper, we focus on scalar-tensor theories given by the action,
S =
∫
d4x
√−g [G4(φ)R+G2(φ,X)] + Sm(gµν ,Ψm) , (3.1)
where G4 is a function of the scalar field φ, and G2 depends on both φ and X. The action (3.1) accommodates
scalar-tensor theories with Eq. (2.1) as a special case. A perfect fluid minimally coupled to gravity can be described
by a Schutz-Sorkin action of the form [61–63]
Sm = −
∫
d4x
[√−g ρ(n) + Jµ(∂µ`+Ai∂µBi)] . (3.2)
The matter density ρ depends on the fluid number density n alone. The vector field Jµ corresponds to a current,
while the scalar quantity ` is a Lagrange multiplier. In terms of Jµ, the number density can be expressed as
n =
√
gµνJµJν
g
. (3.3)
The fluid four-velocity uµ is related to Jµ, as
uµ =
Jµ
n
√−g . (3.4)
From Eq. (3.3), there is the relation uµuµ = −1. The quantities Ai and Bi are spatial vectors characterizing intrinsic
vector modes.
5A. Covariant equations of motion
Varying the action (3.1) with respect to ` and Jµ respectively, we obtain
∂µJ
µ = 0 , (3.5)
∂µ` = ρ,nuµ −Ai∂µBi , (3.6)
where we used the property ∂n/∂Jµ = −uµ/√−g. Here and in the following, we use the notation ρ,n = ∂ρ/∂n.
Variations of the action (3.2) with respect to Ai and Bi lead, respectively, to
Jµ∂µBi = 0 , (3.7)
Jµ∂µAi = 0 , (3.8)
where we used Eq. (3.5). Taking note of the relations Jµ = n
√−g uµ and ∂µ(√−g uµ) = √−g∇µuµ, where ∇µ is the
covariant derivative operator, the current conservation (3.5) can be expressed in the form,
uµ∇µρ+ (ρ+ P )∇µuµ = 0 , (3.9)
where P is the matter pressure defined by
P ≡ nρ,n − ρ . (3.10)
Variation of the matter Lagrangian Lm = −[√−g ρ(n) + Jµ(∂µ`+Ai∂µBi)] with respect to gµν gives
δLm = −δ
√−gρ(n)−√−gρ,nδn− Jµ
(
∂ν`+Ai∂νBi
)
δgµν . (3.11)
By exploiting Eq. (3.6) as well as the relations,
δ
√−g = −1
2
√−g gµνδgµν , δn = n
2
(gµν − uµuν) δgµν , (3.12)
it follows that
− 2√−g
δLm
δgµν
= (ρ+ P )uµuν + Pgµν ≡ Tµν , (3.13)
where Tµν corresponds to an energy-momentum tensor of the perfect fluid.
Varying the total action (3.1) with respect to gµν , the resulting gravitational equations of motion are given by
2G4Gµν −G2gµν −G2,X∇µφ∇νφ− 2G4,φ (∇µ∇νφ− gµνφ)− 2G4,φφ (∇µφ∇νφ+ 2Xgµν) = Tµν , (3.14)
where  = gµν∇µ∇ν . Since the perfect fluid is minimally coupled to gravity, the corresponding energy-momentum
tensor is divergence-free, i.e.,
∇µTµν = 0 . (3.15)
This property is consistent with the left-hand-side of Eq. (3.14). Multiplying µν for Eq. (3.15), we obtain
uν∇µTµν = − [uµ∇µρ+ (ρ+ P )∇µuµ] = 0 , (3.16)
which also follows from Eq. (3.9). Since Eq. (3.9) arises from Eq. (3.5), Eq. (3.16) corresponds to the current
conservation.
Let us also introduce a unit vector nν orthogonal to uν , such that
nνuν = 0 , n
νnν = 1 . (3.17)
Multiplying nν for Eq. (3.15), we find
nν∇µTµν = (ρ+ P )nνuµ∇µuν + nµ∇µP = 0 , (3.18)
and hence
nµ∇µP = −(ρ+ P )nνuµ∇µuν . (3.19)
Inside a compact object, this can be interpreted as a balance between the pressure and gravity.
6B. Background equations
Let us consider a spherically symmetric and static background given by the line element,
ds2 = −f(r)dt2 + h(r)−1dr2 + r2 (dθ2 + sin2 θ dϕ2) , (3.20)
where f(r) and h(r) are functions of r. For the matter sector, we take the following configuration,
Jµ =
(√−g N(r), 0, 0, 0) , Ai = 0 , (3.21)
where
√−g = f1/2h−1/2r2 sin θ and N is a function of the radial coordinate r. We note that Jµ is not a four
vector since the second term on the right-hand-side of Eq. (3.2) is not multiplied by the volume factor
√−g. If we
alternatively define J˜µ = Jµ/
√−g, this can be regarded as a four vector whose component depends on r alone, i.e.,
J˜µ = (N(r), 0, 0, 0). This is the reason why Jµ contains the θ-dependent term arising from
√−g.
Assuming that N(r) is positive, the number density (3.3) reads
n(r) = f(r)1/2N(r) , (3.22)
which depends on r. Substituting Eqs. (3.21) and (3.22) into Eq. (3.4), it follows that
uµ =
(
f(r)−1/2, 0, 0, 0
)
. (3.23)
From the definition (3.13) of the fluid energy-momentum tensor, we have
Tµν = diag (−ρ(r), P (r), P (r), P (r)) . (3.24)
From the tt, rr, θθ components Eq. (3.14), we obtain(
2G4
r
+G4,φφ
′
)
h′ + 2
(
G4,φφ
′′ +
2G4,φφ
′
r
+G4,φφφ
′2
)
h+
2G4(h− 1)
r2
−G2 = −ρ , (3.25)(
2G4
r
+G4,φφ
′
)
h
f ′
f
+
4G4,φφ
′h
r
+
2G4(h− 1)
r2
−G2 −G2,Xφ′2h = P , (3.26)
G4h
2f2
(
2ff ′′ − f ′2)+ (1
2
G4h
′ +
G4h
r
+G4,φφ
′h
)
f ′
f
+
(
G4
r
+G4,φφ
′
)
h′
+2
(
G4,φφφ
′2 +G4,φφ′′ +
G4,φφ
′
r
)
h−G2 = P , (3.27)
where a prime represents the derivative with respect to r. The ϕϕ component of Eq. (3.14) gives the same equation
as (3.27). We note that Eq. (3.16) is trivially satisfied on the background (3.20). For the unit vector nν obeying the
property (3.17), we can choose nµ = (0, h
−1/2, 0, 0). Then, Eq. (3.19) reduces to
P ′ +
f ′
2f
(ρ+ P ) = 0 . (3.28)
The equation of motion for the scalar field follows by varying the action (3.1) with respect to φ. This amounts to
substituting the r derivative of Eq. (3.26) as well as Eqs. (3.25) and (3.26) into Eq. (3.28), with the elimination of P
from Eqs. (3.26) and (3.27) to solve for G4. Then, the scalar field obeys the following equation,
Eφ ≡ G2,φ +G2,Xh
[
φ′′ +
h′
2h
φ′ +
(
2
r
+
f ′
2f
)
φ′
]
+G2,φXhφ
′2 −G2,XX
(
φ′′ +
h′
2h
φ′
)
h2φ′2
+G4,φ
[
2
r2
(1− h− rh′)−
(
h′ +
4h
r
)
f ′
2f
+
f ′2
2f2
h− f
′′
f
h
]
= 0 . (3.29)
If the equation of state,
P = P (ρ) , (3.30)
is given inside a star, we can integrate Eqs. (3.25)-(3.28) with Eq. (3.30) to solve for f , h, φ, P , and ρ. The
integration is performed up to the radius of star (characterized by P = 0) with the regular boundary conditions
f ′ = h′ = φ′ = P ′ = ρ′ = 0 at r = 0.
7IV. PERTURBATIONS ON THE SPHERICALLY SYMMETRIC AND STATIC BACKGROUND
To study the stability of relativistic stars around the spherically symmetric and static space-time (3.20), we consider
metric perturbations hµν on the background metric g¯µν , such that
gµν = g¯µν + hµν . (4.1)
There are also perturbations of the scalar field φ and quantities appearing in the Schutz-Sorkin action (3.2). In terms
of the spherical harmonics Ylm(θ, ϕ), the scalar field can be expressed in the form,
φ = φ¯(r) +
∑
l,m
δφlm(t, r)Ylm(θ, ϕ) , (4.2)
where φ¯(r) is the background value, and δφlm is the perturbed part being a function of t and r. In the following, we
omit the subscripts l,m from the perturbation δφlm(t, r) and also apply the same rule to other perturbed quantities
appearing below. Under the rotation in two-dimensional plane (θ, ϕ), any scalar perturbation has the parity (−)l,
which is called the even mode [78, 79]. The odd mode corresponds to a perturbation with the parity (−)l+1. The
metric components htt, htr, hrr transform as scalars under a two-dimensional rotation in the (θ, ϕ) plane, so they only
possess even-parity modes.
The θ and ϕ components of any vector field Vµ contain both even- and odd-modes, whereas the temporal and radial
components Vt and Vr possess the even mode alone. To accommodate the odd-parity contribution to Vµ, we introduce
the tensor Eab =
√
γ εab, where γ is the determinant of two dimensional metric γab (with a, b either θ or ϕ), and
εab is the anti-symmetric symbol with εθϕ = 1. The θ, ϕ components of fluid four velocity uµ, for example, can be
expressed as
ua = ∇av + Eab∇bv˜ =
∑
l,m
v(t, r)∇aYlm(θ, ϕ) +
∑
l,m
v˜(t, r)Eab∇bYlm(θ, ϕ) , (4.3)
where, in the second line, we expressed two scalars v and v˜ in terms of the expansion of spherical harmonics. The first
and second terms of Eq. (4.3) correspond to even- and odd-parity perturbations, respectively. The metric components
htθ, htϕ, hrθ, hrϕ transform as vectors under the two-dimensional rotation in the (θ, ϕ) plane, so they can be also
expressed in terms of the sum of even- and odd-modes analogous to Eq. (4.3).
The components Tab of any symmetric tensor Tµν contain both even- and odd-modes. For instance, the metric
components hab are written in the form,
hab = Kgab +∇a∇bG+ 1
2
(Ea
c∇c∇bU + Ebc∇c∇aU)
=
∑
l,m
[K(t, r)gabYlm +G(t, r)∇a∇bYlm] + 1
2
∑
l,m
U(t, r) [Ea
c∇c∇bYlm + Ebc∇c∇aYlm] , (4.4)
where, in the second line, we expressed the three scalars K, G, and U in terms of the expansion of spherical harmonics.
In summary, metric perturbations hµν and perturbed quantities present in the action (3.1) can be decomposed into
even- and odd-modes in the following way.
A. Odd-parity perturbations
The components of odd-mode metric perturbations are written as
htt = htr = hrr = 0 , (4.5)
hta =
∑
l,m
Q(t, r)Eab∇bYlm(θ, ϕ) , hra =
∑
l,m
W (t, r)Eab∇bYlm(θ, ϕ) , (4.6)
hab =
1
2
∑
l,m
U(t, r) [Ea
c∇c∇bYlm(θ, ϕ) + Ebc∇c∇aYlm(θ, ϕ)] . (4.7)
The vector field Jµ in the Schutz-Sorkin action (3.2) has the following components associated with the odd-parity
sector,
Jt = J¯t , Jr = 0 , Ja =
∑
l,m
√−g¯ δj(t, r)Eab∇bYlm(θ, ϕ) , (4.8)
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J¯t = −n(r)
√
f(r)
√−g¯ , (4.9)
with the background value
√−g¯ = √f(r)/h(r)r2 sin θ. The intrinsic vectors Ai and Bi are expressed in the form,
Ai = δAi , Bi = xi + δBi , (4.10)
with the odd-parity perturbed components,
δAr = 0 , δAa =
∑
l,m
δA(t, r)Eab∇bYlm(θ, ϕ) , (4.11)
δBr = 0 , δBa =
∑
l,m
δB(t, r)Eab∇bYlm(θ, ϕ) , (4.12)
where the term xi in Bi is normalized such that the background contribution to ∂jBi reduces to δij .
Let us consider the infinitesimal gauge transformation xµ → xµ + ξµ, where
ξt = ξr = 0, ξa =
∑
l,m
Λ(t, r)Eab∇bYlm(θ, ϕ) . (4.13)
Then, the metric perturbations Q, W , and U transform, respectively, as
Q→ Q+ Λ˙ , W →W + Λ′ − 2
r
Λ , U → U + 2Λ , (4.14)
where a dot represents a derivative with respect to t. For the multipoles l ≥ 2, we choose the Regge-Wheeler gauge
[78] characterized by
U = 0 . (4.15)
For the dipole (l = 1), the perturbation hab vanishes identically, so we need to handle this case separately.
B. Even-parity perturbations
The components of metric perturbations in the even-parity sector are given by
htt = f(r)
∑
l,m
H0(t, r)Ylm(θ, ϕ) , htr = hrt =
∑
l,m
H1(t, r)Ylm(θ, ϕ) , hrr = h(r)
−1 ∑
l,m
H2(t, r)Ylm(θ, ϕ) ,
hta = hat =
∑
l,m
β(t, r)∇aYlm(θ, ϕ) , hra = har =
∑
l,m
α(t, r)∇aYlm(θ, ϕ) ,
hab =
∑
l,m
[K(t, r)gabYlm(θ, ϕ) +G(t, r)∇a∇bYlm(θ, ϕ)] . (4.16)
The scalar field φ is expressed in the form (4.2). The components of Jµ containing even-parity perturbations are of
the forms,
Jt = J¯t +
∑
l,m
√−g¯ δJt(t, r)Ylm(θ, ϕ) , Jr =
∑
l,m
√−g¯ δJr(t, r)Ylm(θ, ϕ) , Ja =
∑
l,m
√−g¯ δJ(t, r)∇aYlm(θ, ϕ) .
(4.17)
The intrinsic spatial vector fields Ai and Bi are given by Eq. (4.10) with the perturbed components,
δAr =
∑
l,m
δA1(t, r)Ylm(θ, ϕ) , δAa =
∑
l,m
δA2(t, r)∇aYlm(θ, ϕ) , (4.18)
δBr =
∑
l,m
δB1(t, r)Ylm(θ, ϕ) , δBa =
∑
l,m
δB2(t, r)∇aYlm(θ, ϕ) . (4.19)
9Let us consider the infinitesimal gauge transformation xµ → xµ + ξµ, where
ξt =
∑
l,m
T (t, r)Ylm(θ, ϕ) , ξr =
∑
l,m
R(t, r)Ylm(θ, ϕ) , ξa =
∑
l,m
Θ(t, r)∇aYlm(θ, ϕ) . (4.20)
Then, the perturbations H0, H1, H2, β, α, K, G, and δφ transform, respectively, as [70, 80]
H0 → H0 + 2
f
T˙ − f
′h
f
R , H1 → H1 + R˙+ T ′ − f
′
f
T , H2 → H2 + 2hR′ + h′R , (4.21)
β → β + T + Θ˙− f
′
f
T , α→ α+R+ Θ′ − 2
r
Θ , K → K + 2
r
hR , G→ G+ 2
r2
Θ , (4.22)
δφ→ δφ− φ¯′hR , (4.23)
where a dot represents the derivative with respect to t. For the multipoles l ≥ 2, the transformation scalars T and Θ
can be fixed by choosing the gauge:
β = 0 , G = 0 . (4.24)
To fix the other transformation scalar R, there are several different gauge choices listed below.
(i) Uniform curvature gauge : K = 0 , (4.25)
(ii) Unitary gauge : δφ = 0 , (4.26)
(iii) Spatially diagonal gauge : α = 0 . (4.27)
The physics is not affected by different choices of gauges. As in Refs. [68, 70, 80], we will choose the uniform curvature
gauge (i) to compute the second-order action of even-parity perturbations.
The above argument of gauge fixings is valid for the multipoles l ≥ 2. For the monopole (l = 0), the perturbations
β, α, and G vanish identically. For the dipole (l = 1), the perturbations in hab appear only as the combination K−G,
so the decomposition into the two components K and G is redundant. We will separately study these cases in Sec. VI.
C. Matter density perturbation and velocity potential
We discuss the structure of perturbations in the Schutz-Sorkin action in more detail. The matter density pertur-
bation δρ is related to the perturbation δn of fluid number density given by Eq. (3.3). The components (4.8) of Jµ in
the odd-parity sector do not give rise to the first-order perturbation of n. On the other hand, the components (4.17)
in the even-parity sector generate the first-order perturbation of n. From this first-order perturbation δn, we define
the matter density perturbation δρ(t, r), as
δn =
∑
l,m
δρ(t, r)
ρ,n(r)
Ylm(θ, ϕ) . (4.28)
After the expansion of n in terms of even-mode perturbations, we will convert δn to δρ(t, r) for computing the
second-order action.
For the quantity ` appearing in the action (3.2), we will derive its explicit form by using the constraint (3.6). Up
to first order in perturbations, the partial derivatives of ` with respect to a = θ, ϕ are given by
∂a` = ρ,nua − δAa , (4.29)
where we used Eq. (4.10). Since we are considering the derivative of the scalar quantity `, we only need to consider
the even-mode contribution to ua, i.e., the first term in Eq. (4.3). On using the second of Eq. (4.18) and integrating
Eq. (4.29) with respect to a, it follows that
` = F(t, r) +
∑
l,m
[ρ,n(r)v(t, r)− δA2(t, r)]Ylm(θ, ϕ) , (4.30)
where F is a function of t and r. The term ρ,n(r)v(t, r) in Eq. (4.30) corresponds to the first-order quantity, so that
ρ,n should be evaluated on the background. The time derivative ∂t` is equivalent to ρ,n(r)u¯t(r) = −ρ,n(r)
√
f(r) at
the background level. The integration of the relation ∂tF = −ρ,n(r)
√
f(r) gives F(t, r) = −ρ,n(r)
√
f(r) t, so that
` = −ρ,n(r)
√
f(r) t+
∑
l,m
[ρ,n(r)v(t, r)− δA2(t, r)]Ylm(θ, ϕ) . (4.31)
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The temporal and radial components of four velocity uµ can be expressed, respectively, as
ut = −
√
f(r) +
∑
l,m
δut(t, r)Ylm(θ, ϕ) , ur =
∑
l,m
δur(t, r)Ylm(θ, ϕ) , (4.32)
where δut and δur are functions of t and r. Since ∂t` = ρ,nut up to first order in perturbations, we obtain the
correspondence,
δut =
√
f(r)c2m
δρ
ρ+ P
+ v˙ , (4.33)
where c2m is the matter sound speed squared defined by
c2m ≡
nρ,nn
ρ,n
. (4.34)
Similarly, we take the r derivative of Eq. (4.31) and compare it with the relation ∂r` = ρ,nur − δAr. In doing so, we
exploit the property,
d
dr
(
ρ,n(r)
√
f(r)
)
=
√
f(r)
(
ρ′,n +
f ′
2f
ρ,n
)
= 0 , (4.35)
where the second equality follows from Eq. (3.28) with ρ′,n = P
′/n. Then, the perturbation δur can be expressed as
δur = v
′ − f
′
2f
v +
δA1 − δA′2
ρ,n
. (4.36)
Equations (4.33) and (4.36) show the correspondence between the perturbations δρ, δA1, δA2 and the components
of four velocity uµ. Since uµ = Jµ/(n
√−g), there are also relations between the perturbations δJr, δJ in Eq. (4.17)
and v, δA1, δA2 appeared above. In Sec. VI, we will address this issue.
V. ODD-PARITY PERTURBATIONS
We expand the action (3.1) up to second-order in odd-parity perturbations. In doing so, we choose the Regge-
Wheeler gauge (4.15) for l ≥ 2. For the dipole (l = 1) the condition U = 0 automatically holds, so we study this case
separately at the end of this section.
The scalar field φ does not possess the odd-parity perturbation, so we can use the background value of G4(φ) for
the expansion of G4(φ)R. The field kinetic energy X is expanded as
X = −1
2
hφ′2 − h
2
2r2
φ′2W 2
[
(∂θYlm)
2 +
(∂ϕYlm)
2
sin2 θ
]
+O(ε4) , (5.1)
where εn represents the n-th order of perturbations. We expand the k-essence Lagrangian as G2(φ,X) = G2(r) +
G2,XδX, where δX is the second-order perturbation in Eq. (5.1).
The fluid number density (3.3) can be decomposed into the background part n(r) and the second-order perturbed
part δn given by
δn =
n
2r2
(
hW 2 − 2
f
Q2 +
2
n
√
f
Qδj − δj
2
n2
)[
(∂θYlm)
2 +
(∂ϕYlm)
2
sin2 θ
]
+O(ε4) . (5.2)
Then, the matter density ρ in the action (3.2) contains the second-order perturbation ρ,n(r)δn. As we derived in
Eq. (4.31), the quantity ` has only even-mode perturbations and hence ` = −ρ,n(r)
√
f(r) t for odd modes. We caution
that the vector component J t contains the second-order odd-parity perturbation δJ t besides the background value
J¯ t = n(r)r2 sin θ/
√
h. The perturbations δJθ and δJϕ correspond to the first-order perturbation. Hence the terms
δJ t ˙` +
∑
a=θ,ϕ(J¯
tδAa ˙δBa + δJaδAa) give rise to the second-order contribution to Eq. (3.2).
After expanding Eq. (3.1) up to quadratic order in odd-parity perturbations, the resulting second-order action
contains terms multiplied by δA(t, r). Varying this action with respect to δA, it follows that
˙δB = nQ−
√
f δj
nr2
. (5.3)
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After substituting this relation into the second-order action, the terms related to δj appear as the quadratic dependence
δj2. Hence the variation of the action with respect to δj gives
δj = 0 . (5.4)
In this way, the perturbations δA, δB, δj are integrated out from the second-order action.
The next step is to perform the integral with respect to θ and ϕ. In this procedure, it is sufficient to set m = 0 and
multiply the action by 2pi. As for the integration with respect to θ, we use the formulas of integrals of Yl0 and their
θ derivatives given in Appendix B of Ref. [81]. The resulting quadratic-order action contains the t and r derivatives
of perturbations W and Q, so we integrate some of them by parts. By using the background Eqs. (3.25) and (3.26),
the second-order action of odd-parity perturbations reduces to
S(2)odd =
∑
l,m
∫
dtdr
[
L
2
√
h
f
G4
(
W˙ −Q′ + 2Q
r
)2
− L(L− 2)
√
fhG4
2r2
W 2 +
L(L− 2)G4
2
√
fh r2
Q2
]
, (5.5)
where
L = l(l + 1) . (5.6)
From Eq. (5.5), we observe that the presence of the perfect fluid does not affect the evolution of odd-mode perturba-
tions. In the following, we will study the two different cases: (i) l ≥ 2 and (ii) l = 1, in turn.
A. l ≥ 2
The variation of Eq. (5.5) with respect to the nondynamical variable Q leads to a constraint equation for Q.
However, the presence of the Q′2 term does not allow one to solve explicitly for Q. To overcome this problem, we
introduce the Lagrange multiplier χ(t, r) and express the action (5.5) in the form,
S(2)odd =
∑
l,m
∫
dtdr
{
L
2
√
h
f
G4
[
2χ
(
W˙ −Q′ + 2Q
r
)
− χ2
]
− L(L− 2)
√
fhG4
2r2
W 2 +
L(L− 2)G4
2
√
fh r2
Q2
}
. (5.7)
Varying the action (5.7) with respect to W and Q, respectively, we obtain
W = − r
2
f(L− 2) χ˙ , (5.8)
Q = − [(h
′χ+ 2hχ′)r + 4hχ]G4f − f ′hrχG4 + 2fhrφ′χG4,φ
2(L− 2)fG4 r . (5.9)
Substituting these relations and their t and r derivatives into Eq. (5.7) and integrating it by parts, the second-order
action is expressed in the form,
S(2)odd =
∑
l,m
∫
dtdr
(Kχ˙2 + Gχ′2 +Mχ2) , (5.10)
where
K = L
√
hr2G4
2f3/2(L− 2) , G = −
Lh3/2r2G4
2
√
f(L− 2) , (5.11)
M = −L
√
h[{(2L+ 4h− 4− h′′r2 − 4h′r)f2 + (f ′′h+ f ′h′)fr2 − f ′2hr2}G24
−2{(G4,φφφ′2 +G4,φφ′′)h+G4,φh′φ′}f2r2G4 + 2f2hr2φ′2G24,φ]/[4f5/2(L− 2)G4] . (5.12)
There is one propagating degree of freedom χ arising from the gravitational sector. Since L ≥ 6 for l ≥ 2, the condition
for the absence of ghosts corresponds to K > 0, i.e.,
F ≡ 2G4 > 0 . (5.13)
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Let us derive the propagation speed of χ along the radial direction. Assuming the solution of the form χ = ei(ωt−kr)
and taking the limits of large ω and k, the dispersion relation following from Eq. (5.10) reads
ω2K + k2G = 0 . (5.14)
The propagation speed squared in terms of the coordinates t and r is cˆ2r = ω
2/k2 = −G/K = fh. The propagation
speed cr along the radial direction in proper time τ =
∫ √
fdt is given by cr = dr∗/dτ , where dr∗ = dr/
√
h. Since cr
is related to cˆr = dr/dt as cr = cˆr/
√
fh, it follows that
c2r = 1 . (5.15)
Hence there is no Laplacian instability of the odd-mode perturbation χ in the radial direction.
Along the angular direction, we employ the solution of the form χ = ei(ωt−lθ). For large multipoles (l  1), the
term Mχ2 in Eq. (5.10) contributes to the dispersion relation besides the term Kχ˙2, so that
ω2K +M = 0 , (5.16)
where
K =
√
hr2G4
2f3/2
+O(l−2) , M = −
√
hG4
2
√
f
l2 +O(l) . (5.17)
In terms of the time coordinate t, the propagation speed squared along the angular direction is cˆ2Ω = ω
2r2/l2 =
−(M/K)r2/l2 = f , where we have taken the limit l→∞ in the last equality. In proper time, the propagation speed
is given by cΩ = rdθ/dτ = cˆΩ/
√
f . Hence, in the limit l 1, we obtain
c2Ω = 1 . (5.18)
This means that there is no Laplacian instability along the angular direction either. We have thus shown that the
stability of the odd-mode perturbation χ is ensured under the no-ghost condition G4 > 0. For the theories (3.1), the
speed of odd-parity GWs is equivalent to that of light.
B. l = 1
For the dipole there is the relation U = 0, so we have a residual gauge degree of freedom. Since L = 2 in this case,
the last two terms in the square bracket of Eq. (5.5) vanish. Then, the second-order action reduces to
S(2)odd =
∑
l,m
∫
dtdr
√
h
f
G4
(
W˙ −Q′ + 2Q
r
)2
. (5.19)
For the gauge choice W = 0, the transformation scalar Λ in Eq. (4.14) is given by
Λ(t, r) = −r2
∫
dr˜
W (t, r˜)
r˜2
+ r2C1(t) , (5.20)
where C1(t) is an arbitrary function of t corresponding to a gauge mode. We vary the action (5.19) with respect to
W and Q, and set W = 0 in the end. This leads to
U˙ = 0 , (5.21)(
r2U)′ = 0 , (5.22)
where
U(t, r) ≡
√
h
f
G4
(
Q′ − 2Q
r
)
. (5.23)
The integrated solutions to Eqs. (5.21) and (5.22) are given by
U = C
r2
, (5.24)
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where C is a constant. Substituting Eq. (5.24) into Eq. (5.23) and solving it for Q, it follows that
Q(t, r) = r2
∫
dr˜
C
r˜4
√
f
h
1
G4
+ r2C2(t) , (5.25)
where C2(t) is an arbitrary function of t corresponding to the gauge mode. The gauge modes appearing in Eqs. (5.20)
and (5.25) can be eliminated by choosing
C˙1(t) = C2(t) . (5.26)
Substituting Eq. (5.24) into Eq. (5.19) with the gauge choice W = 0, we obtain
S(2)odd =
∑
l,m
∫
dtdr
√
f
h
C2
r4G4
, (5.27)
which means that there is no dynamical propagating degree of freedom for l = 1.
We note that the perturbation W˙ − Q′ + 2Q/r appearing in the action (5.19) is gauge-invariant. In terms of the
field χ introduced in Eq. (5.7), the variation of the action with respect to W gives χ˙ = 0. Since χ depends on r alone,
the gauge-invariant perturbation χ = W˙ −Q′ + 2Q/r does not work as a dynamical perturbation. This is consistent
with the argument given above.
VI. EVEN-PARITY PERTURBATIONS
We proceed to the derivation of stability conditions in the even-parity sector by expanding the action up to second
order in perturbations. Since the second-order action is different depending on the multipoles l, we will discuss the
three cases: (A) l ≥ 2, (B) l = 0, and (C) l = 1, in turn.
A. l ≥ 2
For l ≥ 2, we choose the uniform curvature gauge given by
K = 0 , β = 0 , G = 0 , (6.1)
under which T , R, and Θ in the gauge transformation (4.22) are fixed. In the gravity sector, we are left with four
metric perturbations H0, H1, H2, and α. For the perfect fluid, we consider the vector field Jµ in the form (4.17) and
adopt the configuration (4.10) with the perturbations δAi and δBi given by Eqs. (4.18) and (4.19). From Eq. (4.31),
the Lagrange multiplier ` contains the velocity potential v(t, r) and the perturbation δA2(t, r). This expression of `
is used for expanding the Schutz-Sorkin action. The matter perturbation δρ is related to the perturbation of number
density δn, as Eq. (4.28). The density ρ in the Schutz-Sorkin action is expanded in the form,
ρ = ρ(r) + ρ,nδn+
ρ,n
2n
c2mδn
2 +O(ε3) , (6.2)
where c2m is defined by Eq. (4.34).
In the scalar-field sector, we perform the expansions,
G2(φ,X) = G2(r) +G2,φδφ+G2,XδX +
1
2
G2,φφδφ
2 +
1
2
G2,XXδX
2 +G2,φXδφδX +O(ε3) , (6.3)
G4(φ) = G4(r) +G4,φδφ+
1
2
G4,φφδφ
2 +O(ε3) , (6.4)
where δφ =
∑
l,m δφ(t, r)Ylm, and
δX =
∑
l,m
1
2
hφ′ (φ′H2 − 2δφ′)Ylm +
∑
l,m
1
2f
[
˙δφ
2
+ h2φ′2H21 − h
{
fδφ′2 + 2φ′(H1 ˙δφ− fH2δφ′) + fφ′2H22
}]
Y 2lm
−
∑
l,m
1
2r2
(δφ− hφ′α)2
[
(∂θYlm)
2 +
(∂ϕYlm)
2
sin2 θ
]
+O(ε3) . (6.5)
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Since it is sufficient to consider the mode m = 0, we will do so in the following discussion. We expand the total action
(3.1) up to second order in even-mode perturbations. Varying the resulting second-order action with respect to δB1,
δB2, δJ , and δJr, respectively, it follows that
˙δA1 = 0 , (6.6)
˙δA2 = 0 , (6.7)
nv − δJ = 0 , (6.8)
2 (ρ+ P ) δJr − 2n2 (δA1 − δA′2)− n (ρ+ P )
(
2v′ − f
′
f
v
)
= 0 . (6.9)
We solve Eqs. (6.8) and (6.9) for δJ and δJr, respectively, and substitute them into the total second-order action.
After this procedure, there exist the terms proportional to δA1 ˙δB1 and δA2 ˙δB2 with time-independent coefficients, but
they can be integrated out on account of Eqs. (6.6) and (6.7). The second-order action containing the perturbations
δA1 and δA2 reduces to SδA1,2 =
∑
l,m
∫
dtdrLδA1,2 , where
LδA1,2 =
nr2
2(ρ+ P )
√
h
f
[
(ρ+ P )
(
2
√
fH1 + f
′v − 2fv′
)
(δA1 − δA′2)− nf (δA1 − δA′2)2
]
. (6.10)
The combination δA1− δA′2 can be replaced with the perturbation δur given by Eq. (4.36). Then, varying the action
(6.10) with respect to δur, we obtain
δur =
H1√
f
. (6.11)
On using this relation, the Lagrangian (6.10) can be expressed in terms of v, its r derivative, and H1, as
LδA1,2 =
(ρ+ P )r2
√
h
8f3/2
(
2
√
fH1 + f
′v − 2fv′
)2
. (6.12)
In the full quadratic-order action, there are also terms containing the perturbations v and δρ, which arise from Jµ∂µ`
and ρ(n) in Eq. (3.2).
On using the background Eqs. (3.25)-(3.27) and performing the integration by parts, the second-order action of
even-mode perturbations can be expressed in the form S(2)even = ∑l,m ∫ dtdrL, where
L = H0 [a1δφ′′ + a2δφ′ + a3H ′2 + La4α′ + (a5 + La6) δφ+ (a7 + La8)H2 + La9α+ a10δρ]
+Lb1H
2
1 +H1
(
b2 ˙δφ
′
+ b3 ˙δφ+ b4H˙2 + Lb5α˙
)
+ c1 ˙δφH˙2 +H2 [c2δφ
′ + (c3 + Lc4)δφ+ Lc5α+ c˜5v˙] + c6H22
+Ld1α˙
2 + Lα (d2δφ
′ + d3δφ) + Ld4α2 + e1 ˙δφ
2
+ e2δφ
′2 + (e3 + Le4) δφ2 + Lf1v2 + f2δρ2 + f3δρ v˙ . (6.13)
The background-dependent coefficients a1, a2, ... are explicitly given in Appendix. In comparison to the paper by
Kobayashi, Motohashi, Suyama (KMS) [70] without the perfect fluid, there is the notational difference of a factor
1/2, i.e., a1 = a
KMS
1 /2, ..., e4 = e
KMS
4 /2, due to the different normalization of Ylm. Each second equality in Eq. (A.1)
among coefficients (e.g., a5 = a
′
2− a′′1) is valid even in full Horndeski theories containing the dependence of G3(φ,X),
G4(φ,X), and G5(φ,X) [70].
When the perfect fluid is absent, there are two propagating degrees of freedom in the even-parity sector. One of
them is the field perturbation δφ, and the other is the following combination [68, 70],
ψ ≡ a3H2 + La4α+ a1δφ′ , (6.14)
which corresponds to the dynamical perturbation in the gravity sector. The variable ψ is analogous to the dynamical
perturbation taken by Moncrief [82] and Zerilli [79] in the Regge-Wheeler gauge (α = β = G = 0). While the
Moncrief-Zerilli variable [83] is the combination of H2 and K, the perturbation (6.14) contains H2 and α. Due to the
existence of the term a1δφ
′ in Eq. (6.14), the derivatives a1δφ′′ and a3H ′2 in Eq. (6.13) can be simultaneously replaced
with ψ′ [70].
In the perfect-fluid sector, we introduce the following dynamical matter perturbation,
δρm ≡ δρ+ 2
√
f hr3f1
f3[ha3(2f − f ′r) + Lfra4]ψ
′ − hf1r
2[a1(2f − f ′r) + f2rb3]√
ff3[ha3(2f − f ′r) + Lfra4]
δφ′ . (6.15)
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If we try to obtain the second-order action of dynamical perturbations in terms of δρ, this gives rise to the apparent
dynamical terms ψ˙′2 and ˙δφ
′2
. However, they can be eliminated by introducing the second and third terms on the
right-hand-side of Eq. (6.15).
Varying the Lagrangian (6.13) with respect to the nondynamical perturbations H0, H1, and v, respectively, we
obtain
a1δφ
′′ + a2δφ′ + a3H ′2 + La4α
′ + (a5 + La6) δφ+ (a7 + La8)H2 + La9α+ a10δρ = 0 , (6.16)
H1 = − 1
2Lb1
(
b2 ˙δφ
′
+ b3 ˙δφ+ b4H˙2 + Lb5α˙
)
, (6.17)
v =
1
2Lf1
(
f3δ˙ρ+ c˜5H˙2
)
. (6.18)
Taking the r derivative of Eq. (6.14) and substituting it into Eq. (6.16), the nondynamical perturbation α can be
expressed in terms of ψ, δφ, and δρm and their first radial derivatives. From Eq. (6.14), the variable H2 and its time
derivative are written in terms of ψ, α, δφ′ and their first time derivatives. We plug these relations and Eqs. (6.17)-
(6.18) into Eq. (6.13). After the integration by parts, the resulting second-order action is expressed in the form,
S(2)even =
∑
l,m
∫
dtdr
(
~˙X tK ~˙X + ~X ′tG ~X ′ + ~X tQ ~X ′ + ~X tM ~X
)
, (6.19)
where K, G, Q, M are 3× 3 matrices, with
~X t = (δρm, ψ, δφ) . (6.20)
To derive no-ghost conditions, we only resort to relations among the coefficients presented in the second equalities of
Eq. (A.1) in the Appendix and define the following quantities,
µ ≡ − 4a3√
fh
, H ≡ 2a4√
fh
, P1 ≡ hµ
2fr2H2
(
fr4H4
µ2h
)′
, P2 ≡ −h
(
2− rf
′
f
)
µ , (6.21)
where H, P1, and P2 are the same as those introduced in Ref. [70]. It is convenient to notice the following relation,
P ′2 =
r(rH′ +H)HP2 − 2rµHF − µP1P2
r2H2 −
4µr
H
√
h
f
f1 , (6.22)
where we recall that F = 2G4 for the theories (3.1).
The ghost is absent under the following three conditions,
K11 > 0 , K11K22 −K12K21 > 0 , detK > 0 . (6.23)
The first condition corresponds to
K11 =
(2rHL+ P2)2r4
2
√
fh (ρ+ P )L[2rHL+ P2 − 2(ρ+ P )r3]2
> 0 , (6.24)
which is satisfied for ρ+ P > 0. The second translates to
K11K22 −K12K21 = 4(LP1 −F)µ
2r4
f2H2L2(ρ+ P )[2rHL+ P2 − 2(ρ+ P )r3]2 > 0 . (6.25)
Provided that ρ+ P > 0, the condition (6.25) holds for LP1 −F > 0. Finally, the third condition is given by
detK =
2r4[h2µ2(L− 2)F(2P1 −F)− r2(ρ+ P ){H2r4L(ρ+ P ) + 2HFhrµ(L− 2)− hµ2(LP1 −F)}]
(fh)5/2(ρ+ P )L2H2φ′2[2rHL+ P2 − 2(ρ+ P )r3]2 > 0 . (6.26)
As long as ρ+ P > 0, the condition (6.26) is satisfied for a positive numerator. When the perfect fluid is absent, the
no-ghost condition corresponds to F(2P1 − F) > 0 [70]. Indeed, this condition can be recovered by taking the limit
ρ + P → +0 in Eq. (6.26). Adding the perfect fluid modifies the third no-ghost condition. In the above derivation
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of no-ghost conditions, we only used the relations among coefficients in the second-order action (6.13), so the results
(6.24)-(6.26) are valid even in full Horndeski theories with more general coefficients a1 etc given in Ref. [70].
In the limit of large wave number k, the three propagation speeds cr along the radial direction in proper time can
be obtained by solving
det
∣∣fhc2rK +G∣∣ = 0 . (6.27)
The matrix components G11, G12, and G13 of symmetric matrix G, which are related to the matter perturbation
δρm, vanish identically. This is attributed to the fact that the velocity potential v in Eq. (4.3) arises from the θ and
ϕ components of the four velocity uµ. There is no propagation of the matter perturbation in the radial direction, so
the corresponding value of c2r yields
c2r1 = 0 . (6.28)
As for the other two radial speeds of propagation, the derivation of their general expressions applicable to full Horndeski
theories is not straightforward due to a mixture of the gravitational propagation speed with the perfect-fluid sector.
Hence we focus on scalar-tensor theories given by the action (3.1) in the following. Then, the two propagation speed
squares read
c2r± =
C2
2C1
[
−1±
√
1− 4C1C3
C22
]
, (6.29)
where
C1 = G2,XG4
[
4(L− 2)G4h+ Lr2(ρ+ P )
]
+ 2G24,φ
[
6(L− 2)G4h+ (2L− 1)r2(ρ+ P )
]
, (6.30)
C2 = −G2,XG4
[
8(L− 2)G4h+ Lr2(1 + c2m)(ρ+ P )
]− 2G24,φ [12(L− 2)G4h+ r2(2L− 1)(1 + c2m)(ρ+ P )]
+G2,XXG4hφ
′2 [4(L− 2)G4h+ Lr2(ρ+ P )] , (6.31)
C3 = G4
[
4(L− 2)G4h+ c2mLr2(ρ+ P )
]
(G2,X −G2,XXhφ′2) +G24,φ
[
12(L− 2)G4h+ 2(2L− 1)c2mr2(ρ+ P )
]
.
(6.32)
If we consider the theories containing only a linear function of X in G2, i.e.,
G2,XX = 0 , (6.33)
then the propagation speed squares (6.29) reduce to
c2r2 = 1−
(1− c2m)r2[(L− 2)G24,φ + L(G2,XG4 + 3G24,φ)](ρ+ P )
4(L− 2)G4h(G2,XG4 + 3G24,φ) + r2[(L− 2)G24,φ + L(G2,XG4 + 3G24,φ)](ρ+ P )
, (6.34)
c2r3 = 1 . (6.35)
In theories containing nonlinear functions of X in G2, there is the deviation of c
2
r3 from 1 analogous to that of k-essence
scalar in Minkowski space-time. Then, c2r3 corresponds to the speed of propagation for δφ, whereas c
2
r2 to that for ψ.
The results (6.34) and (6.35) are valid for scalar-tensor theories given by the action (2.1). For ρ+P > 0 and c2m 6= 1,
there is the deviation of c2r2 from 1. This property is different from that in Horndeski theories without the perfect
fluid, in which case the speed of even-parity gravitational perturbation ψ is the same as that of the odd-parity sector
[70].
The propagation speed cΩ in the angular direction is known by solving
det
∣∣l2fc2ΩK + r2M ∣∣ = 0 . (6.36)
The mass matrix M is important only for large l, so we will take the limit L = l(l+1) 1 in the following discussion.
For the theories given by the action (3.1), the propagation speed squares c2Ω1, c
2
Ω2, and c
2
Ω3 of the perturbations δρm,
ψ, and δφ are given, respectively, by
c2Ω1 = c
2
m , (6.37)
c2Ω2 = 1−
r2(G2,XG4 + 4G
2
4,φ)(ρ+ P )
4hG2,XG24 + [G2,Xr
2(ρ+ P ) + 12hG24,φ]G4 + 4G
2
4,φr
2(ρ+ P )
, (6.38)
c2Ω3 = 1 . (6.39)
The speed of propagation in the gravity sector is affected by the perfect fluid.
From the above discussions, the Laplacian stabilities of even-mode perturbations along the radial and angular
directions are absent under the conditions c2r± ≥ 0 and c2Ω2 ≥ 0 with c2m ≥ 0.
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B. l = 0
For the monopole mode l = 0, the perturbations β, α, and G vanish identically. We choose the gauge K = 0 to fix
the radial transformation scalar R in ξr. The second-order Lagrangian for l = 0 can be derived by setting L = 0 and
α = 0 in Eq. (6.13), such that
L = H0
[(
a1δφ
′ − f
2
b3δφ− f
2
b4H2
)′
− r
2
2
f1H2 + a10δρ
]
+
b2
a1
H1
(
a1δφ
′ − f
2
b3δφ− f
2
b4H2
)·
+c1 ˙δφH˙2 +H2 (c2δφ
′ + c3δφ+ c˜5v˙) + c6H22 + e1 ˙δφ
2
+ e2δφ
′2 + e3δφ2 + f2δρ2 + f3δρ v˙ . (6.40)
In the following we choose the gauge H0 = 0. In this case, there is a gauge mode C(r) in the temporal transformation
scalar T . This appears as the gauge mode C′ − (f ′/f)C in the gauge transformation of H1, see Eq. (4.21). Varying
the action (6.40) with respect to H1, we have
a1δφ
′ − f
2
b3δφ− f
2
b4H2 = D(r) , (6.41)
where D(r) is an arbitrary function of r. The gauge mode C′− (f ′/f)C in H1 can be eliminated by properly choosing
the r-dependent function D(r). This r-dependent function depends on the background alone, so it does not affect the
dynamics of perturbations [70, 80]. Hence we drop such contributions to the second-order action of perturbations in
the following. We solve Eq. (6.41) for H2 and take the time derivative of H2. Substituting H2 and H˙2 into Eq. (6.40)
and integrating it by parts, the action contains the two dynamical fields,
~X t = (v, δφ) . (6.42)
After the integration by parts, the reduced action is expressed in the form,
S(2)even =
∑
l,m
∫
dtdr
(
~˙X tK ~˙X + ~X ′tG ~X ′ + ~X tM ~X + ~˙X tR ~X ′ + ~˙X tT ~X
)
, (6.43)
where the nonvanishing components of 2× 2 matrices K, G, M , R, and T are
K11 =
(ρ+ P )r2
2
√
fh c2m
, (6.44)
K22 =
1√
fhφ′2
[
2P1 −F + r
2(ρ+ P )(µ− 4rH)
2hµ
]
, (6.45)
G22 =
a23e2 − a1a3c2 + a21c6
a23
, (6.46)
M22 =
a23e3 + (a
′
1 − a2)[(a′1 − a2)c6 + a3c3]
a23
+
[
a1a3c3 + (a
′
1 − a2)(2a1c6 − a3c2)
2a23
]′
, (6.47)
R12 = R21 = − f1a1r
2
2
√
f a3
, (6.48)
T12 = −T21 = − r
8f3/2a23
[a1(2ff1ra
′
3 − 4a3ff1 − 2a3frf ′1 + a3f ′rf1) + 2a3ff1r(2a2 − 3a′1)] . (6.49)
We note that R and T are symmetric and anti-symmetric matrices, respectively.
The ghosts are absent under the two conditions,
K11 > 0 , (6.50)
K22 > 0 . (6.51)
where the former is satisfied for ρ+ P > 0 and c2m > 0. On using ~X t = ei(ωt−kr) as a solution in the radial direction,
the dispersion relation for large ω and k yields
det(ω2K − ωkR+ k2G) = 0 . (6.52)
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The propagation speed cr in proper time can be obtained by substituting ω =
√
fhcrk into Eq. (6.52). The resulting
two solutions are given by(
c2r1
)
l=0
= 0 , (6.53)(
c2r2
)
l=0
= − 1
fhK22
(
G22 − R
2
12
K11
)
= 1− 4h
2φ′2G2,XXG24 + (1− c2m)(ρ+ P )r2G24,φ
4hG2,XG24 + [12hG4 + (ρ+ P )r
2]G24,φ
. (6.54)
There is no radial propagation in the perfect-fluid sector, but the scalar perturbation δφ propagates with the speed
(cr2)l=0. The Laplacian instability can be avoided for
(
c2r2
)
l=0
≥ 0. Unless l 1, the kinetic term ~˙X tK ~˙X dominates
over the mass term ~X tM ~X for large ω, so we do not consider the propagation along the angular direction.
C. l = 1
For the dipole mode l = 1, the dependence of metric perturbations hab occurs through the combination K − G.
After fixing the gauge to be G = 0 and β = 0, we can set K = 0. Since the latter does not correspond to the gauge
fixing, we will choose the gauge δφ = 0 to fix R. Then, we can simply set δφ = 0 and L = 2 in the second-order
action (6.13) and define the dynamical variables,
ψ ≡ a3H2 + La4α , δρm ≡ δρ+ 2
√
f hr3f1
f3[ha3(2f − f ′r) + Lfra4]ψ
′ . (6.55)
We follow the similar procedure to that taken in Eqs. (6.16)-(6.18) and eliminate the nondynamical variables H0,
α, H1, and v. After the integration by parts, the resulting second-order action is of the form (6.19) with the two
dynamical perturbations,
~X t = (δρm, ψ) . (6.56)
The no-ghost conditions, which are determined by the 2× 2 matrix K, are
K11 =
(4rH+ P2)2r4
4
√
fh (ρ+ P )[4rH+ P2 − 2(ρ+ P )r3]2
> 0 , (6.57)
detK =
(2P1 −F)µ2r4
f2H2(ρ+ P )[4rH+ P2 − 2(ρ+ P )r3]2 > 0 . (6.58)
Taking the limit L→ 2, these results coincide with Eqs. (6.24) and (6.25), respectively.
The propagation speeds along the radial direction are known by solving Eq. (6.27) for the 2 × 2 matrices K and
G. Since the nonvanishing component of G is G11 alone, the propagation speed squared associated with δρm is(
c2r1
)
l=1
= 0 . (6.59)
The other solution, which corresponds to the propagation of ψ, is given by
(
c2r2
)
l=1
=
2r2[
√
f r2H2c2m(ρ+ P )−
√
h(4Hµc5 + 8H2c6 + µ2d4)]√
fh(2P1 −F)µ2
. (6.60)
For the theories given by the action (3.1), the Laplacian instability is absent under the condition,(
c2r2
)
l=1
= 1− G4[(1− c
2
m)(ρ+ P ) + h
2φ′4G2,XX ]
G4(ρ+ P + hφ′2G2,X) + 3hφ′2G24,φ
≥ 0 . (6.61)
This is not recovered by taking the limit L→ 2 in Eq. (6.29), so it gives the additional stability condition to that for
l ≥ 2.
VII. STABILITY OF RELATIVISTIC STARS IN CONCRETE THEORIES
We study the stability of relativistic stars in scalar-tensor theories by using the results derived in Secs. V and VI.
In doing so, we first summarize conditions for the absence of ghosts and Laplacian instabilities in the general theories
(3.1) and apply them to specific theories discussed in Sec. II.
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First of all, the ghost in the odd-parity sector is absent under the condition (5.13), i.e.,
G4 > 0 . (7.1)
For even-mode perturbations, the no-ghost conditions (6.24), (6.50), and (6.57), which correspond to stabilities in the
matter sector for the modes l ≥ 2, l = 0, and l = 1 respectively, are satisfied for
ρ+ P > 0 , c2m > 0 . (7.2)
In the following, we will consider relativistic stars composed by baryonic matter obeying the inequalities (7.2). The
other no-ghost condition for l = 1, i.e., Eq. (6.58), is the special case of Eq. (6.25), so we do not need to consider the
former. Then, the remaining no-ghost conditions are given by Eqs. (6.25), (6.26), and (6.51). Under the inequalities
(7.1) and (7.2), they translate, respectively, to
K1 ≡ (L− 2)h(2G4 +G4,φrφ′)2 + Lr2[G4(ρ+ P ) + κhφ′2] > 0 , (7.3)
K2 ≡ (L− 2)[4κG4h+G24,φr2(ρ+ P )] + Lκr2(ρ+ P ) > 0 , (7.4)
K3 ≡ 4κG4h+G24,φr2(ρ+ P ) > 0 , (7.5)
where L > 2 in Eqs. (7.3) and (7.4), and we defined
κ ≡ G2,XG4 + 3G24,φ . (7.6)
For l ≥ 2, the propagation speeds of odd-mode perturbations are equivalent to 1. The stabilities of even-mode
perturbations are ensured as long as the speeds of propagation given in Eqs. (6.34), (6.38), (6.54), and (6.61) are
nonnegative. In the case with G2,XX = 0, these conditions translate to
c2r2 = 1−
(1− c2m)r2[(L− 2)G24,φ + Lκ](ρ+ P )
4(L− 2)G4hκ+ r2[(L− 2)G24,φ + Lκ](ρ+ P )
=
4(L− 2)G4hκ+ c2mr2[(L− 2)G24,φ + Lκ](ρ+ P )
4(L− 2)G4hκ+ r2[(L− 2)G24,φ + Lκ](ρ+ P )
≥ 0 , (7.7)
c2Ω2 = 1−
r2(G24,φ + κ)(ρ+ P )
4G4hκ+ r2(G24,φ + κ)(ρ+ P )
=
4G4hκ
4G4hκ+ r2(G24,φ + κ)(ρ+ P )
≥ 0 , (7.8)
(c2r2)l=0 = 1−
(1− c2m)G24,φr2(ρ+ P )
4G4hκ+G24,φr
2(ρ+ P )
=
4G4hκ+ c
2
mG
2
4,φr
2(ρ+ P )
4G4hκ+G24,φr
2(ρ+ P )
≥ 0 , (7.9)
(c2r2)l=1 = 1−
(1− c2m)G4(ρ+ P )
G4(ρ+ P ) + hκφ′2
=
c2mG4(ρ+ P ) + hκφ
′2
G4(ρ+ P ) + hκφ′2
≥ 0 . (7.10)
Now, we discuss stability conditions in two concrete theories presented in Sec. II.
A. Theories of spontaneous scalarization
The action in theories of spontaneous scalarization is given by Eq. (2.4), i.e.,
G4(φ) =
M2pl
2
F (φ) , G2(φ,X) =
(
1− 3M
2
plF
2
,φ
2F 2
)
F (φ)X . (7.11)
In this case, the quantity κ reduces to
κ =
M2pl
2
F 2(φ) > 0 . (7.12)
The positivity of κ means that, along with the conditions (7.1) and (7.2), the absence of ghost and Laplacian instabili-
ties is manifestly guaranteed. This is the case for the coupling (2.5) chosen by Damour and Esposito-Farese, where G4
is positive. In addition, as long as c2m is in the range 0 < c
2
m ≤ 1, all the propagation speed squares computed above
are subluminal. Since all the conditions (7.3)-(7.5) and (7.7)-(7.10) are irrelevant to the potential, a massive scalar
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FIG. 1: (Left) The mass M of NS normalized by the solar mass M versus the star radius rs in theories of spontaneous
scalarization. We choose the Damour and Esposito-Farese nonminimal coupling (2.5) with β = −6. We consider the SLy
equation of state inside the star. For increasing central density ρc, the mass-radius relation moves in the direction shown as
an arrow. The mass-radius relation in GR is plotted as a thin dashed line. (Right) The radial propagation speed squared c2r2
for l = 2 versus the distance r normalized by the star radius rs. The plots represented as (a), (b), (c) correspond to the cases
shown as the same labels in the left panel. Spontaneous scalarization occurs in all these three cases with the subluminal values
of c2r2 inside the star.
field coupled to matter with positive coupling F > 0 investigated in Refs. [76, 77] has neither ghost nor Laplacian
instabilities either.
In the left panel of Fig. 1, we plot the mass-radius relation of relativistic star for the nonminimal coupling (2.5)
with β = −6. We choose the SLy equation of state inside the star, whose analytic representation is given in Ref. [84].
For each central density ρc, the boundary condition of φ at r = 0 is iteratively searched to realize the asymptotic
behavior φ(r) → 0 as r → ∞. For the central density 4.3ρ0 < ρc < 14.4ρ0, where ρ0 = 1.6749 × 1014 g · cm−3, we
find that there exists the scalarized branch with φ(0) 6= 0 besides the GR branch with φ(r) = 0 everywhere. As the
central density increases, the mass-radius relation shifts toward the direction of an arrow depicted in Fig. 1.
Three cases (a), (b), (c) shown in the left panel of Fig. 1 are in the region where spontaneous scalarization takes
place. In the right panel, we plot the propagation speed squared (7.7) versus r/rs for l = 2 in three different cases (a),
(b), (c). For β = −6, we find that the matter sound speed squared is subluminal (0 < c2m ≤ 1) in the region where
spontaneous scalarization occurs. In cases (a), (b), (c) of Fig. 1, we have c2m = 0.56, 0.74, 0.88 at the center of NS,
respectively. The superluminal propagation of c2m arises for the high central density ρc & 18ρ0, but this is the region
in which only the GR branch is present. In the right panel of Fig. 1, we can confirm that c2r2 is subluminal inside the
star for the scalarized branch. From Eq. (7.7) the value of c2r2 at r = 0 is equivalent to 1. For increasing r from the
center, c2r2 decreases from 1. Around the surface of star, both ρ and P rapidly drop down toward 0, so c
2
r2 begins to
increase toward the value 1. Besides cases (a), (b), (c), we numerically confirmed that the above subluminal property
generally holds throughout the region in which spontaneous scalarization takes place.
From Eq. (7.10), we have (c2r2)l=1 = c
2
m at r = 0 due to the boundary condition φ
′(0) = 0. Provided that
0 < c2m ≤ 1, (c2r2)l=1 also remains subluminal inside the star and approaches the value 1 toward the surface. Taking
the limit ρ, P → 0 in Eqs. (7.7)-(7.10), the propagation speed squares c2r2, c2Ω2,
(
c2r2
)
l=0
, and
(
c2r2
)
l=1
are all equivalent
to 1 outside the star. This fact is consistent with the observations of speed of GWs [2].
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B. Brans-Dicke theories
Let us proceed to the BD theories given by the action (2.7), i.e.,
G4(φ) =
M2pl
2
e−2Qφ/Mpl , G2(φ,X) =
(
1− 6Q2) e−2Qφ/MplX − V (φ) . (7.13)
We are considering the coupling Q2 > 0, i.e., the BD parameter in the range ωBD > −3/2. Then, it follows that
κ =
M2pl
2
e−4Qφ/Mpl > 0 . (7.14)
Therefore, together with the conditions (7.2), the absence of ghost and Laplacian instabilities is automatically guar-
anteed. As long as 0 < c2m ≤ 1, the propagation speed squares (7.7)-(7.10) are subluminal inside the star.
VIII. CONCLUSIONS
In this paper, we studied the stability of relativistic stars against odd- and even-parity perturbations in scalar-tensor
theories given by the action (3.1). Our interest is the application to hairy NS solutions which are known to exist in
theories of spontaneous scalarization and BD theories (see Sec. II). For this purpose, we need to properly deal with
the matter sector as a form of the perfect fluid. The Schutz-Sorkin action (3.2) is suitable for describing the perfect
fluid in any background space-time. In Sec. III, we derived covariant equations of motion in scalar-tensor theories
(3.1) with the matter action (3.2) and applied them to the spherically symmetric and static background.
In Sec. IV, we decomposed the perturbations of gravity, scalar-field, and perfect-fluid sectors into the odd- and
even-parity modes. To our knowledge, this type of decomposition including the perfect fluid as a form of the Schutz-
Sorkin action was not addressed in the literature. We also defined the matter density perturbation δρ and velocity
potential v as the quantities related to the number density n and four velocity uµ = Jµ/(n
√−g), respectively. The
radial direction is singled out on the spherically symmetric and static background, in which case the velocity potential
is associated with the θ and ϕ components of uµ.
In Sec. V, we expanded the action (3.1) up to quadratic order in odd-parity perturbations and obtained the second-
order action of the form (5.5). The perfect fluid does not affect the evolution of GWs in the odd-parity sector. For the
multipoles l ≥ 2, there is one dynamical degree of freedom with the propagation speed equivalent to that of light. In
this case, the ghost is absent under the condition G4 > 0. For l = 1, there is no dynamical propagation of odd-parity
perturbations.
In Sec. VI, we obtained the second-order action of even-parity perturbations with the multipoles l ≥ 2 in the form
(6.13) after eliminating some nondynamical perturbations appearing in the Schutz-Sorkin action. We found that there
are three propagating degrees of freedom characterized by δρm, ψ, and δφ, where δρm and ψ are given, respectively,
by Eqs. (6.15) and (6.14). After integrating out all the other nondynamical perturbations, the final second-order
action reduces to the form (6.19) with (6.20). From the kinetic matrix K, we showed that the ghosts are absent under
the three conditions (6.24), (6.25), and (6.26). Since we only exploited the relations among coefficients in Eq. (6.13)
applicable to full Horndeski theories, our no-ghost conditions are also valid for Horndeski theories by modifying the
coefficients (A.1) in the Appendix to those presented in Ref. [70].
The matter perturbation δρm associated with the even-parity sector does not propagate along the radial direction
by reflecting the property of velocity potential mentioned above. In scalar-tensor theories given by the action (3.1),
the other propagation speed squares are given by Eq. (6.29). If G2,XX = 0, which is the case for theories of scalarized
relativistic stars discussed in Sec. II, the radial speeds of propagation associated with the perturbations ψ and δφ
reduce, respectively, to Eqs. (6.34) and (6.35). For c2m 6= 1, the speed cr2 of scalar GWs is different from 1 inside
relativistic stars. In the limit l  1, we also derived the three propagation speeds along the angular direction as
Eqs. (6.37)-(6.39). Again, the perfect fluid affects the angular propagation of scalar GWs.
For the monopole mode (l = 0) in the even-parity sector, we showed that there are two dynamical perturbations
v and δφ with the reduced action of the form (6.43). In this case, the no-ghost conditions are given by Eqs. (6.50)
and (6.51) with the two radial propagation speeds (6.53) and (6.54), so that the latter propagation of scalar-field
perturbation δφ is modified by the presence of perfect fluid. For the dipole mode (l = 1), the dynamical perturbations
correspond to δρm and ψ defined by Eq. (6.55). In this case, the no-ghost conditions correspond to the l → 1 limit
of those derived for l ≥ 2. However, the speed of scalar GWs cannot be recovered in the same limit, so it gives an
additional stability condition to those obtained for l ≥ 2.
In Sec. VII, we summarized the stability conditions for the absence of ghost and Laplacian instabilities and applied
them to the theories with G2,XX = 0. Provided that the ghost is absent in the odd-parity sector (G4 > 0) and that the
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perfect fluid satisfies the properties ρ+P > 0 and c2m > 0, the sign of κ defined by Eq. (7.6) is crucial for the stability
of even-parity perturbations. In theories of spontaneous scalarization and BD theories with ωBD > −3/2, we showed
that κ is positive, under which there are neither ghosts nor Laplacian instabilities. Moreover, as long as 0 < c2m ≤ 1,
the propagation speeds are subluminal inside the star. Indeed, we confirmed this property in theories of spontaneous
scalarization with the nonminimal coupling taken by Damour and Esposito-Farese by numerically computing the
radial propagation speed squared c2r2 inside the NS. In such theories, the propagation speeds of GWs in both odd-
and even-parity sectors are equivalent to that of light outside the star, so they are consistent with observations of the
GW170817 event.
We have thus shown that hairy relativistic stars in scalar-tensor theories given by the action (2.1) are stable against
odd- and even-parity perturbations under mild conditions. The next step is to probe the signature of scalar hairs from
observations. In addition to the oscillation of scalar GWs discussed in Ref. [75], the tidal deformations of NS binaries
[85–88] may allow one to distinguish between NSs in scalar-tensor theories and in GR. Our general formulation of
perturbations around relativistic stars will provide a useful framework for dealing with such problems.
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Appendix: Coefficients in the second-order action of even-parity perturbation
In this appendix, we summarize the coefficients of the reduced action (6.13). They are given by
a1 = r
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fhG4,φ ,
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f
h
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√
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√
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, (A.1)
where F and Eφ are defined by Eqs. (5.13) and (3.29) respectively.
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